This paper is the fourth in a series relating the lattice vibrational properties to the thermodynamic properties of minerals. The temperature dependence of the harmonic lattice heat capacity is calculated from a model which uses only elastic, crystallographic, and spectroscopic data for the following minerals: calcite, zircon, forsterite, grossular, pyrope, almandine, spessartine, andradite, kyanite, andalusite, sillimanite, clinoenstatite, orthoenstatite, jadeite, diopside, tremolite, talc, and muscovite. The heat capacities of these minerals reflect structural and compositional differences. The 'excess' entropy of pyrope• compared with that of grossular--is shown to arise from low-frequency optic modes of vibration. The entropy differences between kyanite, andalusite, and sillimanite are well reproduced by the model, although the absolute values calculated are systematically about 3% high. Model values of the heat capacity and entropy are compared with experimental values at 298.15, 700, and 1000øK for the 32 minerals included in papers 1-4 of this series. The average deviation of the entropies at 298øK from well-determined calorimetric values is :!: 1.5%. A method is given for obtaining greater accuracy in the model thermodynamic functions by fitting one parameter to experimental data when partial calorimetric data (such as the heat capacity at a single temperature in the range 50-100øK) are available; such a method should permit accurate extrapolation of calorimetric data beyond the range of experiment.
Of the 3s degrees of freedom, only three are acoustic modes, which, by definition, approach zero frequency as the wave vector K approaches zero. Two shear modes (S• and S2) and one longitudinal (P) mode are included in the model and are characterized by acoustic velocities as described in paper 1. A simple sine wave dispersion of the modes toward the edge of the Brillouin zone is assumed, in accordance with mortatomic chain theory and the general tendency for measured curves to flatten toward the zone boundary. Note that because most minerals contain a large number of atoms in a unit cell, say, more than 10 atoms, acoustic modes constitute only a small fraction (l/s) of the total modes.
The remaining (3s -3) modes are optic modes which span a broad range of frequencies, both at the zone center and throughout the Brillouin zone. An estimate of the range of the optic modes can be obtained from far-and mid-infrared spectroscopy, but for most minerals we have no information about the behavior of the dispersion curves and therefore about the range of frequencies away from the zone center. Because the thermodynamic functions are sensitive to details of the vibrational spectrum only at low frequencies, it is only at the lowest frequencies that a correct estimate of the dispersion relations appears to be essential for thermodynamic calculations. I assume that the frequency of the lowest optic mode varies (as in the monatomic chain model) inversely with a characteristic mass ratio across the Brillouin zone (equation (19b) in paper 3). Because the lowest-frequency deformations are usually cation-oxygen deformations, I use masses of the heavy (or weakly linked) cation (denoted as m•) and of oxygen (denoted as m2) for the required ratio (these are given in Table 6 of paper 2).
The optic modes are assumed to follow the simplest possible frequency distribution g0'): they are assumed to be distributed uniformly between a lower cutoff frequency •,• and an upper cutoff frequency •,,, both of which can be specified from spectroscopic (infrared, Raman, or inelastic neutron scattering) data, with the specified lower cutoff frequency corrected for dispersion across the Brillouin zone as discussed above. The height of the optical continuum is determined from normalization of the total number of optical modes to (3s -3) for the primitive unit cell.
Where some of the modes (such as silicon-oxygen stretching modes, hydroxyl stretching modes, or carbonate bending or stretching modes) are isolated at high frequencies from the lower-frequency bending modes or weaker stretching modes of other cation-oxygen bonds, it is possible and deskable (for accuracy) to include more information in the specification of the distribution of the optic modes. A scheme was given in paper 2 for enumerating these modes (which might loosely be referred to as 'intramolecular'); this scheme is discussed in further detail in this paper. The data required by the model are (1) acoustic velocities, which determine the slopes of the acoustic branches, (2) limiting spectral frequencies for the lower and upper ends of the optic continuum, (3) weighting factors and frequencies for any Einstein oscillators used, and (4) densities and volumes of the minerals. Recommended values of these parameters for all minerals considered in this study are given in Table 1 . The model is independent of calorimetric data, and the parameters are not obtained by any fitting procedure. All equations for the assumed spectra and the thermodynamic functions are given in paper 3. Corrections to errors in papers 1-3 are given in Appendix C. Discussion of the calculation of acoustic velocities and choice of the limiting spectral frequencies is given in papers 1 and 2. In the following discussions of individual minerals these parameters are discussed in some detail; their choice by careful evaluation of existing literature values determines the accuracy obtained by the model.
ORTHOSILICATES AND CALCITE

General Spectral Properties
A study of the lattice vibrational characteristics of the orthosilicates and their influence on the thermodynamic properties provides a key to the understanding of the spectra and thermodynamic behavior of more complex silicates, because spectral characteristics of the orthosilicates are relatively more easily interpreted than those of silicates of intermediate polymerization. From orthosilicate spectra it is possible to estimate the range of frequencies encompassed by Si-O stretching modes and O-Si-O bending modes, to determine the extent to which these vibrational modes are modified by cation-oxygen forces and to judge the extent to which the vibrations of the SiO4 -4 tetrahedra can be considered as being distinct from vibrations involving translations of the cation or translations and rotations of the anions [e.g., Farmer, 1974a, p. 285].
For enumeration of the internal modes of orthosilicates the SiO4 -4 tetrahedra can be treated as perturbed anions [Farmer, 1974a, p. 285 ]. An isolated tetrahedral SiO4 -4 unit would have nine internal degrees of freedom (15 total degrees of freedom, six external modes) but only four distinct modes of vibration because of degeneracy. These vibrations and their frequencies are usually designated as follows: the symmetric stretch Vl, the doubly degenerate bend v2, the triply degenerate stretch v3, and the triply degenerate bend v4. The form of the vibrational modes is given by Herzberg [1945, p. 100] .
If the full symmetry of the tetrahedron is preserved, only the v3 and v4 modes are infrared-active. However, the full symmetry of the isolated tetrahedron is seldom preserved in real minerals, and other modes are frequently infrared-active. Perhaps the best understood and most reliably assigned spectral modes are those of zircon (for which both single-crystal infrared and Raman data are available and in which the perturbing effect of the large and heavy cation is small) and of forsteritc. Even for an intensively studied mineral such as forsterite a substantial disagreement in the mode assignments is obtained with the two major methods of analysis: normalcoordinate analysis versus group vibration analysis using the vibrations of the SiO4 -4 tetrahedra and metal coordination polyhedra [see Oehler and Giinthard, 1969; Iishi, 1978] .
Zircon
The crystallographic unit cell of zircon (ZrSiO4) is tetragonal, I47amd, and contains four ZrSiO4 units. However, the primitive unit cell contains Qnly two formula units and hence 12 atoms and 36 degrees of freedom. The volume of the primitive cell was taken as 130.5 x 10 -24 cm -3.
The acoustic velocities used in the model are as follows:
VvR.,e = 8.06, Vw.,s = 3.97, Ul = 3.71, and u2 = 4.33 km s -! [Simmons and Wang, 1971 , 22252, p. 300; from Ryzhova et al., 1966] . In these papers, Vwn,e and Vw.,s are the Voigt-ReussHill (VRH) longitudinal and shear velocities, respectively (see paper 1 for a discussion of acoustic velocities and their averages); Ul and u2 are directionally averaged slow and fast shear velocities, respectively. These averaged shear velocities were obtained by the method described in paper 1 from measured Table 4 , paper 2). The eight stretching modes (see Table 6 , paper 2) constitute 22% of the total modes. One mode (5.5%) is at 974 cm -•, one mode (5.5%) is at 885 cm -!, and it is assumed that the remaining modes (11.0%) are at 1000 cm -!. These eight modes are represented by Einstein oscillators at these three positions.
The [Verma, 1960] The 16 high-frequency Si-O stretching modes for the unit cell constitute 19% of the total modes (obtained by the method described in paper 2). They were placed at two frequencies representing the high and low portions of the band between 825 and 995 cm-i: 12 of the modes (or 14.2%) at 930 cm -i and four of the modes (4.8%) at 837 cm -i. The optic continuum was taken to extend from 650 cm -i down to 128.2 cm -•. The lower limit of the optic continuum was obtained by taking the lowest-frequency mode at K = 0 as 144 cm -i (see Table 4 of paper 2) and allowing it to be dispersed across the Brillouin zone by the simple scheme described with masses of 92 and 24. This corresponds to the assumption that the lowest-frequency vibrations can be described as Mg versus SiOn -4 tetra- The results of the model for forsterire are shown in Figure  2 . At temperatures above 100øK the agreement with measured data is excellent. For example, at 298øK the Cv* value predicted by the model is 3.98 cal mole -i øK-i, and that obtained from experimental Cp data corrected to Cv* is 4.00 cal mole -i øK-i. This good agreement extends to high temperatures. At low temperatures (<100øK) the heat capacity is slightly overestimated by the model. Because there is little uncertainty in the acoustic velocities and because optic modes make most of the contribution to the heat capacity in the range of the overestimate, it can probably be inferred that the estimated cutoff of the optic continuum at 128 cm -i is too low and that optic modes do not extend this low. This calculation illustrates that the most unknown and most critical parameter in the model is the distribution of modes in the far-infrared spectral region (at K -K .... not at K --0).
As a result of the overestimate of the heat capacity at low temperatures, the entropy is somewhat overestimated; the calculated entropy at 298øK is 3.39 mole -i øK-i (this includes 0.04 cal mole -i øK-i estimated anharmonic contribution (Appendix B), whereas the measured entropy is 3% lower: 3.25 cal mole-i OK-i ' Calcite Calcite (CaCO3) is the molecular solid most studied. The calcite structure is a distorted NaC1 structure [Bragg et The remaining low-frequency modes of calcite are characterized by motions in which the carbonate groups are displaced toward or away from the calcium cations. These mo- The remaining 12 modes are internal vibrations (bending and stretching) of the carbonate ions. The frequencies of these modes depend on interanion coupling but are easily recognized by their similarity to the frequencies of the free carbonate ion. Rather different assignments of the modes can be found in the literature [e.g., White, 1974] . I have used here the assignments of Bottinga [1968] The highest-frequency external mode is produced by a stretching motion of the carbonate ion against the calcium ion. The frequencies of the transverse and longitudinal components of this mode are quite different, because the longitudinal frequency is shifted by the long-range polarization field, an effect which is typically large in ionic crystals [White, 1974, The garnet problem specifically concerns pyrope and grossular and can be summarized as follows: The entropy-estimating schemes which exist for minerals give widely disagreeing values for pyrope and grossular (see Table 2 ). In the case of grossular the oxide summation method overestimates the entropy. For pyrope there is a similar disagreement between the oxide summation scheme and the other schemes. The general conclusion from the estimating schemes is that a lower entropy S would be expected for pyrope (S298 = 47 cal mole -• øK-•) than for grossular (S298 = 57-60 cal mole -l øK-I). Measured entropies, however, disagree with these theo- Figure 2d ) the pyrope excess entropy (noted on p. 6 of paper 1) is caused by the lowfrequency optic modes which extend to 149 cm-' at K --0 and to 115 cm-' at Kmax (the edge of the Brillouin zone), substantially lower than the zone edge value of 152 cm-' for grossular. The lower-frequency modes of pyrope contribute excess heat capacity at low temperatures relative to that for grossular; for example, optic modes contribute 50% of the heat capacity at 30øK for pyrope, whereas for grossular they do not contribute 50% of the heat capacity until nearly 40øK.
A most interesting behavior of the calorimetric Debye temperature curve 0ca•(T) is predicted for grossular at very low temperatures: two minima are predicted, one at 15 øK and one at 50øK. If we remember that dips and peaks in the curves correspond to peaks and dips, respectively, in the lattice vibrational spectrum, we can see (from Figure 2d ) that the first minimum is due to the combined S and P branch singularities and the second minimum is due to the low-frequency modes of the optic continuum. In no other mineral studied have the S and P acoustic branches been sufficiently separated from the optic continuum to produce this effect, although a similar 0•(T) behavior is shown by the experimental data (but not the model) on tremolite (Figure 4) . The acoustic modes of grossular are truncated at low frequencies, primarily because the large unit cell gives rise to a small Brillouin zone (see paper 3, equation (16)); the optic modes are at relatively high frequencies, possibly because the large mass difference between the cation (calcium) and anion (oxygen) produces a large stopping band (see paper 1, Figure 8) .
The only significant difference between the model vibrational spectra of grossular and pyrope is the much lowered position of the optic modes of pyrope. It is somewhat puzzling that the lowest-frequency mode of pyrope is lower than that of grossular, for these modes are usually associated with cat- Measured heat capacities and entropies do not exist for almandine, spessartine, and andradite. The predicted values of the harmonic contribution to these functions are given in Table 1 In this paper, enumeration of the silicon-oxygen stretching modes in these minerals is accomplished by using principles formulated by Lazarev [1972] . In Lazarev's discussion of the vibrations of groups of coupled silicon-oxygen tetrahedra he states (p. 61) that 'it is appropriate to classify these, not by ref- Solid-state substitution of cations into the pyroxene lattice and a lack of both far-infrared and Raman spectroscopy on many of the end-member compositions give rise to problems in interpretation of the far-infrared data similar to the problems discussed in section 3 for interpretation of the garnet spectra. Numerous weak lines can be found in reported spectra. If the lowest lines found in published data were to be used, the lowest optic modes for the minerals would be as follows (see paper 2, Table 3 Calculations for clinoenstatite are shown in Figure 4 , where they are compared with measured data. Data below 300øK are from Kelley [1943] , and those above 300øK are from Janaf [1965a, b, 1966, 1967] . The model agrees well with measured data at temperatures below 400øK and overestimates the heat capacity by a few percent at higher temperatures. The peculiar behavior of the calorimetric data above 600øK may be due to (1) improper correction of Ce to Cv due to the use of a poor approximation to the thermal expansion (see paper 3), (2) anharmonicity, or (3) the onset of the clino-ortho change at 903øK.
For orthoenstatite the only differences from clinoenstatite were assumed to be (1) the size of the doubled unit cell, the number of atoms in it, and therefore the number of degrees of freedom associated with the unit cell and (2) a slight difference in the frequency of the top of the optic continuum. Acoustic modes constitute only three of the degrees of freedom, and the relative fraction changes from 3/120 for cli- --4.21, u2 --4.58, and u3 --7.70 km s -l, giving a The main differences in Cg* between jadeite and diopside occur at low temperatures. For example, at 53.8øK the Cg* (measured) of diopside is 13% greater than the Cv of jadeite; at 298øK it is 4% greater. The model predicts a similar relationship and shows that the acoustic mode contributions at low temperatures are nearly identical for the two minerals and that the difference in Cg* is caused by the contribution of the relatively lower frequency optic modes in diopside. These modes are cation-oxygen deformations, and it is consistent with the heavier mass of calcium relative to sodium that these modes occur at lower frequencies in diopside and thus contribute to a higher low-temperature heat capacity.
The complex relations between the heat capacities of jadeite and atbite are also explicable in terms of the spectral and, ultimately, structural differences. First, a correction must be made to the model values reported in paper 3: these were erroneously based on a unit cell content of four formula units of NaAtSi3Os, whereas the primitive unit cell should contain only two formula units. The model parameters and values of C•* and $* are given in Tables 1 and 3 . As was mentioned in paper 3, the number of atoms in the unit cell determines the fraction which are acoustic modes (3/3s, where s is the number of atoms per unit cell) and hence affects both the acoustic and the optic contribution to the thermodynamic properties.
Returning now to the comparison of jadeite with atbite, we can see that the reason that atbite has nearly twice the heat capacity per atomic weight (Cv*) as jadeite at low temperatures (<100øK) is that the optic modes of atbite extend to much lower frequencies (83 versus 152 cm -• at K --0; 63 versus 117 cm -l at Kmax). However, as the temperature rises toward room temperature, the effect of modes in the middle part of the spectrum becomes felt. There are more modes at frequencies between 200 and 500 cm -l for jadeite than for atbite and therefore a larger contribution to the heat capacity. Hence at 298øK the heat capacity per atomic mass of jadeite is greater than that of atbite. Because the spectra of the two minerals do not differ much at high frequencies, the heat capacities are similar above room temperature.
The A comparison of the talc and muscovite heat capacities and spectra shows that the higher heat capacity of muscovite arises from the lower-frequency cation-oxygen modes in the vicinity of 100 cm -l.
MODEL VALUES OF THE TEMPERATURE DEPENDENCE OF C•/* AND $* FOR 32 MINERALS
This model provides an internally consistent method for calculation of the thermodynamic functions of a mineral from elastic, crystallographic, and spectroscopic data. It should be particularly useful for examining these functions in temperature ranges where experimental data have not been obtained (e.g., T < 54øK for many minerals) and at temperatures where minerals are unstable (such as above 300øK for stishovite and coesite). The harmonic contributions to the heat capacity at constant volume, Cv*, the internal energy E*, the Helmholz energy F*, and the entropy $* can be easily calculated from the expressions given in Tables 1 and 2 of paper 1. The values of Cv* and $* at three temperatures are given in Table 3 . In a few cases the model parameters have been changed from those used in paper 3 where new data or interpretations have become available (for example, I have now consistently attempted to define the Si-O stretching modes more precisely than in paper 3, because these modes make large contributions to the zero-point energy and are important in the isotopic fractionation calculation discussed in paper 5). The parameters used for the tabulated values are given in Table 1 In order to compare the calculated C•* with the experimentally measured quantity C•,* an anharmonic correction must be added; the method used for this is described in Appendix B. At the high temperatures 700 ø and 1000øK this contribution is significant. It is not well determined, because the thermal expansion of many minerals is poorly known. Therefore differences of 5% between the model values and the experimental values at high temperatures may reflect uncertainties in this term rather than differences caused by spectral properties.
SUMMARY AND COMMENTS ON THE ACCURACY OF THE MODEL
With this paper the calculation of thermodynamic properties for minerals is completed; 32 minerals have been examined, and the thermodynamic functions have been calculated from elastic, crystallographic, and spectroscopic data alone. The purpose has been to demonstrate that the functions can indeed be predicted to an accuracy sufficient to allow problems of geologic and geophysical interest to be solved. The accuracy of the model for a given mineral depends on (1) the degree to which the real lattice vibrational spectrum is approximated by the simple model spectrum and (2) the quantity and quality of acoustic and spectral data available. As was discussed in section 6 of paper 3, the model has different accuracies in different temperature ranges: for C•*, typically +30-50% below 50øK, +5% at 298øK, and +_1% at 700øK. In order to give the reader an idea of the overall accuracy which might be expected, I have compared the model entropies at 298.15øK with calorimetrically determined entropies of the minerals. Entropy was chosen for comparison of measured and calculated values because it is the thermodynamic quantity most sensitive to the assumed frequency distribution (other than the very low temperature heat capacity). The reason for the sensitivity is shown in Figure 5 . Because the entropy S* is the integrated value of C•,*/T, it is dominated by the contributions of the low-frequency modes, and because the model is weakest in its representation of the lowfrequency part of the optic continuum, the entropy reflects, in effect, the weakest aspects of the model. Note from Figure 5 that the heat capacity below about 50øK does not strongly affect the entropy at 298øK, so that the large uncertainties in the heat capacity at very low temperatures do not strongly affect the entropy at 298øK. The procedure for obtaining w• will now be described for tremotite, a mineral for which so few spectral data were avail- In these equations, Vo, eo, and Bo are the parameters at a reference temperature, and AT is the difference between the temperature of the calculation and the reference temperature. For V and B the reference temperature is 298øK; for e it is 0øK, because the coefficients eo, el, and e: were obtained by least squares fitting of three or more data points with respect to absolute temperature (see Table B 1). As can be seen from Table   3 , at 298øK the Ce* -Cg* correction is of the order of 1%, the largest correction being for halite, 5%. have used the approximation S•* • TVeeB in Table 3 . The reader is cautioned that if an estimate of total entropy at 300øK is required to be accurate to within 1-3% or if an estimate of the total entropy at higher temperatures is required, the anharmonic contribution should be calculated carefully with a good model for e(T); the values given in Table 3 for this correction are probably minimum values of S•n*.
APPENDIX C: CORRECTIONS TO PAPERS 1-3
Paper 1
In Paper 2
In Table 3 the lowest optic mode for enstatite should be -110 instead of 140 cm -l.
Paper 3
In Table 5 , for spinel, q = 0.19, as in Figure 2 . Model values for albite were based erroneously on a unit cell content of four formula units instead of two (see paper 3, p. 55). See the discussion in section 4 of this paper, in the subsection on jadeite.
The value of w•K = 0) for spinel (Tables 4 and 5 and p. 49) has been changed from 225 to 311 cm -l, based on a teevaluation of the data (see paper 4, Table 1 ).
NOTATION
The reader is referred to the notation lists at the ends of papers 1-3. Additional symbols used in this paper are as follows. e thermal expansion. eo, el, e2, -.. coefficients in polynomial series of thermal expansion.
